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Introduction
Problem Definition

Dn-t Dn2 eee D1 Do

RE R
» Provided the circuit is:

Maximum Finder Combinational (i.e. Parallel)
(MF)
Circuit »  Minimize:
Ioggn¢ nt kt Latency (i.e. Critical Path)
with (if possible) good:

binary one-hot max (Dp.1,Dn-2,...,Do) . A

address Address (Dy) rea
(Wn1Wn2...Wg) (Mp1Mp_2...Mp) e Area-Timing Product (ATP)
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Introduction
In @ Nutshell

» We offer a timing complexity (T) of:
T = O(log,k + log,n)
» whereas our competitions are:

T = O(log,k log,n)

T =0(k + log,n)
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Introduction
Motivation

Various applications require the value and/or index of the
maximum element in a set:

0
> Weighted arbiters |10 0
> Moti timation algorith 1 v 91—
otion estimation algorithms —> .
5 r 3 W1 Weighted
° Arbiter o
. ® ®
» Sorting networks, * ¢
1 —»|I'n-1 0
] dn-1 b—»
e —| Wn-
» Artificial neural networks, etc. 3 0
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Introduction
Motivation — cont’d

»Depending on the application, we may need

» Only value of the maximum element,

» Only the address (position or index) of the maximum
element, or

» Both the value and the address of the maximum element.

» Hence, fast computation of both value and index of the
maximum is equally important.
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Related Work
Traditional Binary Tree Topology (TBT)

» Binary tree configuration of comparator-mux (cmp_mux) blocks.

» Signal propagation in each cmp_mux block : from LSB to MSB.

> T= O(IOng X IOan) D7 Des Ds D4 D: D2 D1 Do
A= O(k X n) tk ik tk ik ,ik ik
. (2,k)- (2,k)- (2,k)-
> Blnary address and the Emp_mux Level 0 Emp_mux Emp_mux
. + J'_kﬂ_ —J’ +
value of the maximum. ! o
{sel76,max(D7,Ds)} k {selss,max(Ds5,Da)} {sels2,max(Ds3,D2)}y y{selio,max(D1,Do)}
L (2,k)-
evel 1 bmp. mux
T ez

{sel3210,max(D3,D2,.D1,D0)}

{sel7e543210,max(D7,D6,D5,D4,D3,D2,D1,D0)} = {W,Dw}
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Related Work
Traditional Binary Tree Topology (TBT) — cont’d
A B
£ i

» Comparator-mux (cmp_mux) block.

a7 b7 ag bg as bs as bs a3 bz ax’ b2 a1 bi1 ap bo
P ¢ ¥ b % 4 % ¥ ¥ ¥ ¥ ¢ ¥ ¢ ¥

pre pre pre pre pre pre pre pre
{2 ,tz ,tz ,{-2 tz %z 1*2 ,tz

{97.p7} {9e.pe} {05.p5} {94.p4} {93.p3} {g92.p2} {91.p1} {go.po}
p— ’—-l P ] —
A P kf REf RS
PG PG PG PG

B
,1,k+e i,m

» Comparator (cmp) block.

42 2 2 2
Alk-1:0] B[k-1:0] A B o L b R !
:B—A=B+A ,
PG :A'=ay'ae'as’a4'a3'a2'a1'ao'i PG
(2,k)- 2 B = brbebsbabsbobibo i 42
comparator G2 G1 P2 Py
(A>B) 12 )2 Yy o+ 4 4 ): y
)
179 L\ ittt 1 PG
|,(2,k)-cmp_mux: {2
_1—k+8+1 PG ore
' v
{selaB,max(A[k-1:0], B[k-1]:0)} e i T R
G P :(2,8)-comparator;
'
AgtB
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Related Work
Array Topology (AT)

A filter:

* Compares each bit-slice from
MSB to LSB

and

* Narrows down the candidates
for the maximum after each
bit-slice.

Enable (en) signals ripple down
from MSB to LSB.

Critical Path: k x (i-ii-iii-iv-v)

T =0(k x log,n)
A =0(k x n)

One-hot address and the value of
the maximum.

M. Vai and M.M. Moy (1993)

fatih.ugurdag@ozyegin.edu.tr BOfphorus
University

—LIZYEGIN——
—LUINIVERSITY—

y

Yeditepe
University

9/31



April 8, 2013

21st IEEE Symposium on Computer Arithmetic
ARITH 21

| — >
Il 4
Austin, Texas, USA. April 7-10, 2013

» Signal propagation in
each cmp_mux block:
from MSB to LSB

> Similar to addition
problem

» Three adder topologies
for cmp_mux blocks:

Related Work

D7 De Ds Da D3 D2

4 4 4 4 4

Parallel Binary Tree Topology (PBT)

D1 Do D7 Ds

4 4 4 4

Ds D4 D2

4,1,44,44 4 |4

D3 D1 Do

4,4
teveto (10| W000|E000/m000) Ee00/E=00|EE00/E=E00

Level 1

]
0ood

maximum

(a)t=0

Level 2

0000

0ood

maximum

(b) t=1

tevero (NG| NEE0|NBEL 0] DENE DEDE(IEEG| @O0

Level 1

g

Level 2 QDDD

maximum

(c)t=2

:

maximum

(d)t=3

Lveio ([N [IN00/IE00E00E) [ENDENEENEN0EE0NE

Ripple Carry (RC)
Carry Select (CS)
Carry Look-ahead (CL)

£
!

Level 2

Level 1
maximum

I Computed bit
H Being computed bit

(e)t=4 [] Waiting bit Ht=5
Method Time Complexity Area Complexity
RC O(k + log; n) O(k xn)
S 0(VK) + O([VE — log, n] x log, n) 0(k x 1) K.G.l. Harteros (2002)
CL O(log, k x log, n) 0(k x n) D.C. Hendry (2004)
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Related Work
Parallel Binary Tree Topology (PBT) — cont’d
A B
> Example: RC-PBT i 1
ak-1  bk-1 ak-2 bk-2 ag bo
cho%“ l 1 choosek-1 l l @sek_z cho% l’ l chooseg
» 2-bit carry signal. founde | “onr | oundicr | “onn | foundiez”* founds | o | foundo
b
. mi-1 Mk-2 (2,K)-RC cell| mo
» Cascaded instances of ! ] J
TBT. d7:0,3 d7:0,2 d7:Jg,1 dT:R,o
f_% r N\ r N\
» Only the value of the o
maximum. x Nii ] -
2 ) ”
2 rr :
> EXTRA multiplexer tree O (21)-cell 2 R
. @ (2,k)-cell for (D1,Do)
for the binary address _
f the maximum [ camy Signats
o ' Y |V @1)-TBT
dw,3 dw,2 dw;1 dw,o
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Related Work
Leading-Zero Counting Topology (LZC)

> 2 StagES: 1* stage Z%e
~ ~ Do, —
Equality _,A’
. Do k [Onenhot | C _k |comparator \
* Value computation, AL Onehot | o i
k
. — .
° Equality 1
Address computation. o« fowehi ] » oy |ty L
D2 k D2k,
= One-hot | /2 Equality | 1
> T O( k I | k encoder C comparator#
= + o) n+ (0] ) D3 k | One-hot k
L - D
gz gz encoder [ OR . Ck= Dw ke Eanalty |
A = O(zk X (k + n)) Da One-hot « | gate B LZC == C comparator+'
encoder Do , n LZC w
Ds k.0 K Equality | 1 D ogzn
enngt;?!g:' <2 c ﬁi_comparator"L’
. b b
» Binary address and the ®-[menot | 2. "
encoder c Equallt)t/ 7L1_
. k |comparator
value of the maximum. o —7 . Son
encoder ﬁé— E .
quality _,A.
C k |comparator

o
@
L

> DOES NOT scale for k > 4. cquaty |
X.-P. Huang et al. (2010)
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Related Work
Multi-Level Topology (MLT)

» 3 stages:

* Pair-wise comparison,
1 s rd

* Parallel comparison, e b 3" stage

e Qutput selection.

» Only the value of the maximum.

» DOES NOT utilize concurrency
between comparison and selection.

» Needs an EXTRA stage for the
binary/one-hot address of the
maximum.

» T=0(n+log,n + log,k)
A = O(2% x k) X.-P. Huang et al. (2010)
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Proposed|MF Circuit Topology
Array-Based maximum finder (AB)

» Main idea:

* First, compare every pair of
inputs in parallel.

* Then, compute concurrently Dn-1 Dn-2 coe D1 Do
?rcljadxrierrrslzrz;nd value of the "i "t coo "t "i
: Comparator Array Unit (CAU)
» | T=0(log,k + log,n) niﬂi vent Dn-1 Dn2 «.. Do
A=O(kxn2) ) kt k¢ ...k¢
. . - 7~ »{ Data Selection
> 3 blocks: Address Generation Unit (AGU). 73 Unit (DSU)
1111 1 1 1 1 k
e Comparator Array Unit (CAU) i it i Jvf i i

. . Mn-1Mn-2 M0 Wiog,n-1 Wiogzn-1 Wo max (Dn-1,Dn-2,...,D0) = Dy
* Address Generation Unit ? ?

(AGU)
» Data Selection Unit (DSU)
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Proposed MF Circuit Topology
Comparator Array Unit (CAU)

y Do D1
» Produces an nxn array of

1-bit comparison results

My = (Do 2 Dg) - (D > Dy) + ... (Dg > Dy—y)

=D = Do) (D, = Dl:] (D > Dk p (1)

My_q

(Dk— = Dm) (D:c 1 = 5'1)

(Dk—l >Dy_y) - go n-1 g1 n-1
Do D1 e e Dn-2 Dn-1
(ka)' (2,k)' (2!k)' (zsk)' (z!k)- (2,k)-
comparator|®® ®|comparator|comparator|comparator| comparatorcomparator

_ (]—Ixzu(Dx > Dy)}- (]_Iy—x-l-l(D > Dy}} (Dol>D1) (Do>an-2) (Do>IDn-1) (D1>an-z) (D1>Dn1) (Dn- 2>Dn1)
= (X3-o(Dy < Dy)) + (X2211(D, = Dy)) g1,0 gn-2,0 gn-1,0 gn-2,1 gn 11 gn- n2
= (E ngy) (Ey =x+1 gyx V V V V

go go,n-2 go,n-1 g1,n-2 g1 n-1 gn-2,n1

University
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Proposed MF Circuit Topology
Address Generation Unit (AGU)

» Computes one-hot and/or binary address of the maximum

‘DO Di__<<+ Dn2 Dn- X gn-1,0gn-1,1 «ee gn-1,n-1 0,0 0,1 +e= G0,n-1
0\-910 n-1,0 ~ — ° —
. 90,1. n-1,1 y

OR™ @) A I A

Mo mni‘\ Ma-1 mnﬁ Mo Wn-1 Wn2 W1 Wo
T One-hot address Binary address
Encoder ... of maximum of maximum

B3 M P N N e

wWo W1 Wh-2 Whn-1
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Proposed MF Circuit Topology
Address Generation Unit (AGU) — cont’d
» Example: n=4 k=5.
Upper triangular part Lower triangular part Do D1 D2 Ds
91,D:(D0>D1):1 90,1:9_10:0\ Do |0, 1,0,1,
9,0, = (D,>D,) = 0 92 = Gy = 1 D1 0.; 0 - 0.; 0,:
9,0 = (Dg>D;) = 1 @ 993 = 930 = 0 D2 |1 J 0 1
— _ r(2) — L i R R
9,, = (D,>D,) =0 9, = 95y = 1 D3 [0 if|ed {40 i1]i0 i
g,, = (D,>D,) = 0 9,;, = 9,, = 1 T T
, — _ —a.=20 AGU
9, = (D2>D3) =1 925 = 932 = / | T 1
@ 0100 10
ety addrosso
maximum maximum
m =-(D,<D)+ (D, <D)+ (D, <D, = 9o1 * Yoo * Yo D3=10001
m, = (D, < Do) +(D, =D, + (D, < D3) = Y901t 921 Y9, . (1) D2=11010
m, = (D, <D+ (D, <D,)+ (D, <D = Y20 7 924 T 95 = 01001
m, = (D, <Dy)+(D;<D,)+ (D, <D,) =g,,+9;, +9;, ) Do = 11010
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Proposed MF Circuit Topology
Data Selection Unit (DSU)
» Binary tree configuration of k-bit multiplexers
» Parallel operation with AGU.
» NO (theoretical) delay overhead
Column 1 Column2 Column3 Column4 Column5 Column6 Column?7

g4,0 ga,1-- ga,7 950951...957 ge,0 ge1.-- g67 97,0971 --g7.7

@H

g1,0 g1.1 e g1,7 g2,0. 92,1 e g27 g?,o g1,3 - g:li,T

it LS

Maximum

Value (Dw)
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Proposed MF Circuit Topology
Generalization of AB

» Can be used as a minimum finder circuit by changing input connections.

» Any type of comparison operation (>, <, 2, <) can be used.

0 if y=x,
Gy = D,opD, ify<x,
Jyx if v>x,
op Finding Maximum Finding Minimum
AGU Priority AGU Priority
Inputs Inputs
> iy Descending | gy; Ascending
> Oix Ascending | gy; Descending
< Oyi Ascending | g;, Descending
< Oy Descending | g, Ascending
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Proposed MF Circuit Topology
Using AB as a Building Block

> Two potential problems of
AB (for large values of n):
Example: Quad-Tree Topology (QT)

* Area
 Fanout Dis D14 D13 D12 Du Dio Ds Ds D Dé Ds D& Ds D2 D1 Do
S S Sl Al N Al Sl Sl Al Sl
(4,k)- AB (4,k)- AB (4,k)- AB (4,k)- AB

> Solution: Use AB as a | |
building block

Ak 1k 1k 1k
i A Yy v

(4,k)- AB

+k
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Synthesis Results

Experimental Setup
» Synopsys Design Compiler (DC)

v2010.12
 UMC Faraday 180nm worst-

case (slow) standard-cell Theoretical comparison of all methods
library with a wire-load Method Time Complexity Area Complexity
AT [8] O(k xlog, n+ k) O(k X n)
model ?gf], e D{]ogjﬁ : 1322 :::: i ;?gg 1) D{T:?n)
» Verification Script Eg [[ll: ]] 0(VE) + D{Eﬁ{—]cﬁ;:r{ | % log, 1) SEﬁ i iﬂ
> Synthesis Script Exi[[llg] D{ngﬁf ::;grf T n) DDEL{ :g‘zj
* Binary search based, fBC - D{E}G{%; f%;;:}m : {%}*‘{:ir;:r]k)]

iterative synthesis script

written in TCL

fatih.ugurdag@ozyegin.edu.tr BO?phO!‘US —LIZYEGIN—— Yeditepe 21/31
University —UNIVERSITY— / University




21st IEEE Symposium on Computer Arithmetic
ARITH 21

April 8, 2013 o 3

Synthesis Results
Timing results in nanoseconds

nxk |AB, i1AB, RC CL CS TBT QT

: 4x8 1165 11.64 237 219 224 222 i1.64
»1.2-2.1times 4,16 [1.90 1187 325 275 271 274 1187
fasterthanthe 4x32 [2.08 1207 485 325 326 3.14 1207
closest 8x8 |1.94 1197 303 284 3.06 3.09 1276
. 8x16 |2.17 1214 4.02 377 366 3.89 '3.08
competitor 8x32 |248 1251 581 467 453 452 13.67
16x8 [2.26 '227 359 345 376 4.09 '2.97

16 x 16 |2.57 '2.64 476 460 4.72 506 '3.44

» On the average, 16x32 |2.86 !2.86 6.72 6.02 579 6.00 !3.97
16 times faster 32x8 [273 1281 4.09 398 433 494 415
32x16 |3.07 !3.05 552 532 557 6.19 !4.94

than the closest 35,37 (347 '349 792 721 725 7.71 '5.74
competitor 64x8 [3.26 13.34 461 470 527 6.15 1453
64 x 16 |4.56 1532 6.43 6.48 6.67 7.76 ,5.20

64 x 32 |5.62 1569 9.02 842 8.62 9.37 .6.14
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Synthesis Results
Normalized area results

nxk |AB, 1AB, RC CL CS TBT QT

4x8 [101 1100 098 108 1.03 078 11.00

4x16 [1.09 1100 097 101 098 0.79 :1.00

4%32 1093 1100 101 152 1.00 0.77 11.00

8x8 [106 11.00 057 053 066 049 10.63

> Ontheaverage, g,16 [102 1100 049 049 058 039 10.62
8x32 |1.04 1100 052 0.76 059 0.44 1058
16x8 [1.01 '1.00 026 029 030 0.23 '0.30
than the fastest 16x16 [0.99 '1.00 023 0.23 027 019 '0.30
_ 16x32]0.88 '1.00 025 0.35 027 0.19 '0.24
competitor 32x8 |1.04 '1.00 014 016 0.18 0.14 '0.17
32x16 (098 '1.00 014 013 016 0.12 '0.16

32x32 (098 !1.00 014 018 015 011 !0.14

64x8 |0.99 ]1.00 007 0.08 009 0.06 ,0.10

64x 16 |0.52 ,1.00 006 0.06 0.07 0.05 ,0.07

64x32 /095 ,1.00 0.06 007 0.07 005 ,0.07

fatih.ugurdag@ozyegin.edu.tr Bo§phorus —LIZYEGIN—— Yeditepe 23/31
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Synthesis Results
Normalized Area-Timing Product (ATP) results

nxk |AB, i1AB, RC CL CS TBT .QT

4x8 101 1100 139 143 139 104 1100

4x16 |111 1100 1.69 149 141 115 11.00

4x32 093 11.00 236 239 157 117 11.00

8x8 [1.04 1100 087 076 1.03 077 10.88

» Ontheaverage, g, 16 (103 11.00 092 087 099 071 10.88
8x32 |1.03 '1.00 121 142 106 0.80 '0.85
16x8 |1.01 '1.00 041 044 049 041 '0.40
than the fastest 16x16 [0.96 '1.00 0.41 0.39 049 036 '0.39
_ 16x32 /088 '1.00 058 074 055 041 '0.34
competitor 32x8 |1.01 '1.00 021 022 027 024 '025
32x16 (099 '1.00 025 023 029 024 '0.26

32x32 /098 !1.00 033 036 032 025 10.23

64x8 |096 }1.00 010 011 0.14 011 013

64x 16 |0.44 11.00 0.07 0.07 0.08 0.07 ,0.07

64x32/094 ,1.00 010 011 0.10 0.08 :0.07
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Experimental Work
Quad Tree (QT) results

» QT: On the average
» 1.24 times faster than the closest competitor (except AB)
 Hasonly 1.1 times larger area than the fastest competitor (except AB)

* Hasonly 1.03 times larger ATP than the most ATP-efficient competitor

» QT: On the average
1.3 times slower than AB
e 5.1 times more area-efficient than AB

e 4.2 times more ATP-efficient than AB
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Synthesis Results
DSU Delay Overhead
n x Kk AB, (without DSU) AB, Delay Overhead (%)
4x8 1.47 1.66 12.93
4x16 1.64 1.87 14.02
4 x 32 1.74 2.07 18.97
8x8 1.77 1.97 11.30
> NO theoretical 8 x 16 1.96 2.14 9.18
delay overhead 8 x 32 2.18 2.51 15.14
16 x 8 2.13 2.27 6.57
16 x 16 2.45 2.64 7.76
> In practice, 14.5% 16 x 32 2.67 2.86 7.12
delay overhead on  32x38 2.55 2.81 10.20
the average 32 x 16 2.90 3.05 5.17
32 x 32 3.26 3.49 7.06
64 x 8 3.13 3.34 6.71
64 x 16 3.64 5.32 46.15
64 x 32 4.08 5.69 39.46
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Conclusions

» We propose a fast circuit topology (AB) to find the maximum
element of a set of binary numbers.

» We wrote code generators
e that produces RTL and self-checking testbench code
e for AB as well as competitive existing MF circuit topologies

» We automated
* design,
e verification,
e synthesis, and
» extraction of the area/timing results
via a batch script.
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Conclusions

» AB vields better performance (latency)
than any existing topology for any k and n.

» AB introduces a significant area overhead
forn > 8.

» AB has better performance (latency) and area
than any existing topology for n = 4.

» We showed that AB can be used as a building block
in an MF circuit topology to overcome its area and fanout
disadvantages.
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Future Work

» Looking for more area-efficient implementations
» Synthesis results on FPGA

> i-th Maximum
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Future Work
Generalization of AB to i-th Maximum

» Can be used to find i-th smallest element (i-th order statistic) a set

» T=0(log,k + log,n)

A = O(k x n?)
Do D1 D2 Ds
. > ]-— Add D3=10001 D2=11010
Do B T er | sg=10 | | Bitwise | eg=00 :Mo=1D1=01001 Do = 11010
'0 e 10 1 Treeo [ ;2| XOR NOR =" "lic 10
&1 =g me0i 18 |
TR T er [sq=00 :@ |Bitwise |eq=10 ;m1=0§
D1 0 2 9 A Tree1 j— XOR NOR § t D3—~
AR R R R [ E : i —1 mz
ol — ! E i D2—° {i-th order
D2 S I 7| Adder |sp=11 | | Bitwise |ep=01 iM2=0: 7] | statisti
! L L L dTreen [ . 7 xoR NOR == " ms ___ statistic
L e s IRCRRRSTEEE --— — 5 : ° ;
L : : :
G R ~—| Adder | s3=01 : Bitwise |e3=11 ims=0 | D17
D3 . 0 1 .......... 0 1. 0 ...... .| Tree3 ; i XOR NOR = : 5 _
----------------------------------------- — e e 012
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